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" NGHIEN CUU & PHAT TRIEN

XAC BINH HAM

SAN XUAT COBB-
'DOUGLAS BANG PHEP
ICHIEU TRUC GIAO

O MINH VINH
* Trong bai bio ndy, ching 16i dé xuat
"ot cdch xde dinh ham sin xudt Cobb -
Douglas nhd vio phép chifu tnye giao
“rong khoéng gian vectd cic da thife véi
b molL tich v6 hudng duge xidc dinh. Phuong
| ohdp trinh bay & ddy tién lgi vé mit tinh
I*l0dn vi cho ta mdt cdch ti€p cin mdi doi
| v4i bai todn. :
Nhut dd biét, trong bai todn xdc dinh
2dm sin xudl, ta thudng phdi xdc dinh
méi lién hé gitta sin lugng Y phu thude
vio lugng vén K vi lugng lao déng L
‘heo md hinh Cobb - Douglas.

(1)
~ Baitodn dit ra 13 vdi cic 6 liéu théng
k& (Ki. Li, Yp). i =0.1,....n, ta c¢in (im ham
sdn xudt dang (1) phdn dnh gdn ding
nhit cdc s6 liéu néu wén.
Biing cich 14y log hai v&, (1) rd thiinh
InY = InA + alnK + [3nl. (2)
hay y=a+ak+pl (3)
vdi y=lhYyeY=¢'
a=lnA s A=e"
k=InKe K=¢*
l=lnl. eL=¢'
Bai todn qui vé vigéc tim him y dang
{3) thda tinh chit :

yi=u+c¢ki+|'ili+s;.i=().i..,..n (4)
12

n
sa0 cho Z g
i=l)

dat gid tri nhd nhal,

trong d6 :

k= h‘I.K',

l;=InL;

yi=InY;

Trong cdic phin sau, ching t6i s¢ khio
sét lAn gt cde trnding hdp mot trong hai
bén bi€n K hoidc L ¢d dinh v truting hgp
¢4 hai bi€n K va L thay ddi.

1. Trudng hgp mét bién ¢é dinh

Khong mal tinh 13ng quélL. ta c6 thé gid
sit L ¢8 dinh, Khi d6. ham sin xudt Cobb
- Douglas cé dang :

Y = AK* (5)

Ta cin (im him Y dang (5) phin dnh
gin ding nhil cdc sd liéu théng ké
(K.Y, i = 0.1....n. Céng cu st dung &
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diy 12 phép chi€u tryc giao trong khong
gian vecld .#, cdc da thic bic £ n (xem
(11).

Véi (k; = InK;), i = 0,1.....n ¢d dinh, vdi
p.q € .#, ta sit dung tich v6 hudng sau
diy :

n

<p.q> = 2. p(k) q(k)) (6)

i=i)

Vi tich v6 hudng (6). mdi da thite bic
< n duge ddng nhiit véi mdt vectd n+l
chiéu (ptko). p(ky)..... p(ky)).

DBéi v8i khong gian con .7 cia khong
gian vectd .7}, ta sit dung cd sd e giao
sau ddy:

Xét hai da thiie :

po=1=(11,.1) € R™

p1 =K =(kokj....k,) € IR™"

Ap dung qui trinh trire giao héa Gram
- Schmidt vai (py. p1).

qo=po=1=(11,...1) e R™

q=p -hcq”pl=K-£El~_CIu2q,,

<ginqu=>
2K
i=l
n+l
(N
K& qud chinh duge néu trong dinh 1y
sau ddy : -
Pinh Iy 1 : !
Cho (n+1) diém dir kién (K, Y. i =
0,1....n. Bat:
ki =1nkK, i=01..0
yi=lnY;, i=0l..n

Khi d6, tén tai duy nhdl mdt da thie
bicn pe . %

thda pk) =y .i=0.1...n

Ngodi ra, him Y = AK” xdp xi @t
nhdt cic diém dif ki¢én trén xdc dinh bdi :

Y=e' (8)

Trong do :

Fa
plk) = hn::q{J p+ hcqlp

= <p.dp> qu + <p.4;> q (9)
<qudi> <Y.q1=>
Chiing minh :
Bude 1 :
Xét ma trin Vandermonde sau diy :
X n
1 ky k“ kﬂ
1k k!: "
x:
1 ki K o« KB
n n

Xét phuong trinh : Xc =0 vdi

(S
Bt p(K) = ¢y + ¢k + k™ + ... ¢ k"
Khi d6, phuong trinh Xe = 0 viét lai 13 :
Chy ‘|‘C]k{}+(.'3k‘_] o I L'.,k:‘ =0
1

co+ ik +c3k; Fo+ek'=0
1

co+ Ok + ek + .+ k" =0

Nghia I3 :

pk)=0.i=0.1..n (1

Ta bi€t riing mot da thite pik) bic n.
khéng dong nhat 0, chi ¢6 thé ¢6 16 da n
nghié¢m thyec.

(10) ¢6 nghia 1d p(k) = 0 ¢6 n + |
nghiém thyc k;, i=0.1....n

Do d6:
p(k)=0,V k e IR
ute 1 6=0,i=01l...n

Mit khic, phudng trinh Xc = 0 ¢6 thé
viét dudi dang

¢uCa+¢,C) +6,C, =0 e IR™

trong d6 Ci. i = 0,1....n 13 cdc vectd cdt
clia X

Viy, cic vectd ¢t C; cia X doce ldp
tuy&n tinh :

Suy ra X khi dio

Biy gid. ta xét hé phudng trinh

plky) =y, i=0,1,...n

Hé phudng trinh ndy vi&l dudi dang ma
trinla :

Xc=y
véi

Yo

Yi
y =

YII

Vi X khi ddo nén phudng trinh Xc =y
¢6 nghigm duy nhit ¢ e IR™'. nghia 13
tén tai duy nhil mt da thire p bic n théa

Bude 2 :

Guoi 3 13 hinh chi€u trye giao cta da
thite p(k) € .} lén khong gian con . %
vai ¢o s3 e giao {geq ) xde dinh bdi
cong thite (7). Ta ¢6 (xem [1])

N

p = I“:_,,[p = <P.dy> qu + 2P.g9;> q
T <pge> <q1.q1>

bjt:
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&y = plko) - qlko)
=p(k;)-q(k
g =plk;) - qlk) ge

= P(klj = q(kn)
Do tinh chit clia phép chiéu true giao,

lacé:
-
1n 5
£= ZEF

=l

dat min

A

khig=p =hc P

Nhi the, ham Y = AK” xap xi [61 nhil
cdc diém dit kién (K. Y),i=0.1....nla

Y ="
L}

II. Trudng hop K, L thay d8i

Trong phén nay, dé tién trinh bay, ta
xét trudng hap 6 diém dif kién :
(Ki' I.',, Y,) . 1 = 0‘1.,,..5

bit:
1 ku l” k- I- k[bl'll
1] i
1 k L ki Lkl
X =
Ik i ki ' kils
Yu
Yi
.
¥s
Trong do6 :
k; = ani ’ li = lnL‘- s i = InY; . i=
0.1.....5
Ta c¢in tim him sin xuit Cobb-

Douglas Y = AK“L" xdp xi 6t nhit 6
diém dir kién néu trén.

Ta ¢6 dinh Iy sau diy :

Pinh ly 2:

Gid sir IXI=0

Khi dé. tdn tai duy nhil mdt da thite
hai bién :

p(k,1) = ago + ayok + gl + Axk® + Al
+a,,kl thoéa:

p(ki.li) =Y i=0.l1..., 5

Ngodi ra, biéu thife sau diy cho ta mét
tich v6 hudng trong khéng gian vectd .74
céic da thife hai bi€n dang p(k,l) = ag +
a0k +agi] + axk” + aal” +a; kl

5
<p.g>=2 p(kil) . qtkil)  ipge.n
i=0
(1
Chitng minh : ’
(1) Xét hé phudng trinh :
pkl)=y; . i=0]1..5
Vi
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plk.l) = agy + 2ok + gl + ask™ + el
+ ﬂ1|kl (12)

Hé phuong trinh vi€l lai dudi dang ma
triin 14 :

Xc=y
Trong dé :
B Agyy ]
adyp
apyy
c= ) °
oy
g J
—

Vi IXI # 0 nén X khd dio. Do dé. tén
tai duy nhil vects celR® 13 nghiém
phuong trinh, nghia 14 tén tai duy nhal
mdt da thifc hai bi€n dang (12) théa
p(k;.];) =¥ =0, 0.5,

(i) DE& thay (11) 1a mét dang song
tuy€n tinh, d&i xting. nghia la:

<p.y) =<q.p>

<upitp2g> = a<pLg>+ <pag>

<P.aq) + §2> = A<p.g> + <p.g:>

Hon nita, ta cd :

<p.g>=20

5
vl <pp>=0& 2 pikil)=0
p=ld
Do phin (i), hé phuong trinh ndy cé
nghiém duy nhélt, nén :
p=0
Viy, biéu thite (11) cho ta mdt tich vo
hudng trong .74
Pinh 1y 3 :
Gid st IX1=0
Khi d6, him sin xudt Cobh - Douglas
xip xi t8t nhit 6 diém dif kién (KLY,
i=0,1....5 xdc dinh bdi :
Y =e (13)
N
rongdo: p(klD) = hcq“p + hcqlp +
heyp
=<pP.q=> qy+ <p.q;= q+ <p.q-> qr

<qngu> <qi-41= <q2.q2>
(14)
va: gk =1=(L11,111) e R
st
=0 N
q|(k,l)=k-hc‘|“k=k— =k-k
6
- 3
k=1 YK
6 =

galk ) =1- hc\hl - hcqll

5 5 .
2L Y Iki-k)
=t i=() =
w7 e o i)
6 5 >
2 (k- k)’
i=ll
Chirng minh :

Do dinh 1y 2, (6n tai duy nhit da thic :

plk.l) = ag + agok + agil + axk® + agpl’
+apkl

thoa :

p(kj.l-,) =¥ia i=03 5
Pit:g=pkl)—q (k). i= 0.1,...5
Vdi: g (k.l)la cdc da thitc dang
g=a,+ak+al e .7
Do tinh chat cia phép chi€u true giao,

taco:
in
5

£E= Zﬂi:

i=t)

dat min khi :

A
q=p =heyp+heyp+hegp

Pé ¥ ring {qugi.ga} 12 1 co s8 e
giao clia .74 nén :
hey,q =hey p + hey p + hey p

Nhut thé, him Cobb-Douglas
Y = AK“L” xdp xi 18t nhit cdc diém dit
kién (K;,Li,Y;),i=0.1,..5 la:

Y=ar

Chii thich :

(i) N&u ¢6 10 diém di kién, p(k]) s&
co dang :

plk.0) = ay + apk + agl + axk® + apl®
+apkl +ayk’ +agl’ + 2, K1+ a2kl €
2

Tudng W, ¢6 15 diém dir kién thi p(k.l)
e .7 c¢6 21 diém dr kién thi
plkd) € .75

(ii) Chi ¥ riing vdi tich v hudng (11),
ta khéng cin xdc dinh p vi p duge déng
nhét vdi veetd (p(k,.ly),....plks.ls)).
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