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Duyét ddng: 13/10/2020 véi chi phi giao dich va chi phi thanh khoan bang cach st dung d bién

déng hiéu chinh cho phuong trinh dinh gia 8 dién Black-Scholes. Tac
gia nghién clu dang diéu tiém cin cla sai s6 bao hiém rui ro trong
chién lugc cla Leland véi sy c6 mat cda chi phi thanh khoan trong mé
G11, G13 hinh CJP nhu dé xuét bai Cetin va cdng su (2006). Tac gia chi ra rang
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1. Gi6i thigu

Budc dot phé trong 1y thuyét dinh gid quyén chon (Option Pricing) bat dau tir bai bao ndi tiéng
cua Black va Scholes (1973). Trong cong trinh nay, Black va Scholes da gidi thiu mdt mo hinh thi
trudng tai chinh day dii v6i thoi gian lién tuc khong co chi phi giao dich, trong d6 gia c6 phiéu tuan
theo mot chuyén dong Brown hinh hoc. Véi gia thuyét khong co su chénh 1éch gia (No-Arbitrage),
gi4 ctia hop dong quyén chon tai thoi diém ¢ bang véi gia tri danh muc dau tu ciia mot chién luoc tyr
tai trg (Self-Financing) cho phép bao ho quyén chon tai thoi diém dao han.

Tuy nhién, khi cac giao dich c6 tinh phi thi 1ap luan nay khong con hi¢u luc va viéc bao ho hop
dong quyén chon khé dugc dam bao mot cach hoan hao. Trude hét, ching ta dé thdy rang gia thuyét
diéu chinh danh myc dau tu mot cach lién tuc 1a bat kha thi trong thuc té. Néu chi phi giao dich
khéc 0 thi viéc thyc hién giao dich mot cach thudng xuyén trong thuc té s& rat tén kém bat ké ty 1€
chi phi giao dich nhé nhu thé nao boi vi chién luge bao ho Delta c6 dién ¢6 bién phan vo han. Quan
sat don gian nay mau thudn véi lap luan boi Black va Scholes khi cho rang néu giao dich dién ra
thuong xuyén mot cach hop 1y thi sai s6 bao ho ciia chién lugce bao ho Delta s& tuong ddi nho. Do dé,
md hinh dinh gi4 quyén chon Black-Scholes va bai toan bao ho véi chi phi giao dich can phai diéu
chinh. Trong bdi canh nhu vay, cic nghién ctru gan day cho thiy viéc ting tham sé d6 bién dong
(Volatility) c6 thé ap dung dé bu dap chi phi giao dich. Cu thé, Leland (1985) d4 phan tich rang chién
lugc bao ho Delta thu duge tir mot phuong trinh dao ham riéng dinh gia Black-Scholes voi do bién
dong duge didu chinh thich hop dem lai sy bao h day di mot cach xap xi.

Nhiéu nghién ciru da dugc dé xuat nham lam yéu cac gia thuyét phi thuc té trong 1y thuyét Black-
Scholes cho bai toan dinh gia va bao ho hop dong quyén chon. Viéc loai bo hai gia thuyét thi truong
canh tranh va giao dich tu do khong chi phi dan dén khai niém rui ro thanh khoan. Mot cach co ban,
rii ro thanh khoan dugc dinh nghia nhur 13 rii ro xuat phat tir thoi gian thyc hién va quy mé cua giao
dich. Hai cach tiép can khac nhau c6 thé dugc tim thay trong céc tai lidu lién quan riii ro thanh khoan.
Céch tiép can dau tién tap trung vao anh hudng ciia nha giao dich 16n (Large Traders) véi cac giao
dich c6 anh huéng (Market Impact) dén gia tri ctia c6 phiéu trén thi truong. Trong khi d6, cach thir
hai tuy bo qua céac tac dong phan hoi trung gian nhung tap trung vao viéc thiét 1ap can bang cung va
cau theo thoi gian sao cho khdi lwong giao dich khong anh hudng dén gia tri tai san. Khi d6, chi phi
thanh khoan phat sinh theo thoi gian chii yéu do sy thay doi danh muc dau tu. Nghia 14 chi phi giao
dich ¢6 thé dugc coi 1a mot truong hop cu thé cua chi phi thanh khoan (Cetin va cong su, 2004).

Trong bai viét nay, tac gia gidi thidu mot s phurong trinh dao ham riéng xuat hién tir bai toan dinh
gi4 va bao ho hop dong quyén chon duya trén chi phi giao dich va chi phi thanh khoan bang cach str
dung d¢ bién dong hiéu chinh cho phwong trinh dinh gia c6 dién Black-Scholes. Tac gia nghién ciru
dang di€u ti€ém can cua sai s6 bao hiém rui ro trong chién lugc cua Leland voi sy ¢6 mit cua chi phi
thanh khoan. T4c gia chi ra ring d6i vi mot duong cung lién tuc, trong khi chi phi thanh khoan trung
gian c6 thé bi bo qua ¢ tiém can khi sir dung chién Iugc cua Leland, thi chi phi thanh khoan tai thoi
diém ban diu dong mot vai tro quan trong va can duoc tinh dén trong dinh gia quyén chon.

Phan con lai cua bai viét duoc t6 chirc nhu sau: Phan 2 — Gidi thiéu tém tit moé hinh dinh gia
Black-Scholes ¢6 dién. Phan 3 — Trinh bay mé hinh chi phi thanh khoan CJP cuiing véi mot sé phuong
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trinh dao ham riéng (Partial Differentiable Equations — PDE) dinh gia véi d6 bién dong hiéu chinh
theo chi phi thanh khoan. Phan 4 — Ban vé phuong phap hiéu chinh d6 bién dong Leland trong dinh
gia va bao ho quyén chon vai chi phi giao dich. Cudi cling, phan 5 — Trinh bay bai toan bao ho x4p
Xi vé6i chi phi thanh khoan sir dung chién lugc Leland.

2. M hinh dinh gia Black-Scholes c6 dién

Trong muc ndy, tac gia tom tat mo hinh dinh gia quyén chon Black-Scholes (BS). Xét mot thi
truong tai chinh gdm mét tai san phi rii ro (trai phiéu) va mot tai san rii ro (co phiéu) voi gia duoc
mo phong boi chuyén dong Brown trén mot khong gian xéac suét loc (Q,, Fy, (Fi)o<e<r, P). DE don
gian, chiing ta gia sir 13i suat luon bang 0, nghia 1a trai phiéu dugc xem nhu mot tai san tiéu chuan
(Numéraire). Gia c6 phiéu tai thoi diém ¢ dugc cho bai:

dS, = aS.dW,

Nghiém cta phuong trinh vi phan ngdu nhién S, = S,e"¢~9°t/2 1a mét chién thuat Martingale
theo do do P. Chu y rang trong trudng hop 1ai suat khac 0, dinh 1y bién dbi Girsanov c¢6 thé duogc ap
dung dé loai bo hé s6 xu hudng (Drift).

e Dinh nghia 1: Mot chién luoc (B, V;)o<t<1 duoc goi 13 chip nhan duoc néu né tu tai tro va

kha tich

fot(lﬁtl +y2) dt < oo hau chic chin

va gid tr danh myc ddu tw V, = Vo + [, ,,dS,,, t € [0, 1] bj chin dudi.

Theo nguyén 1y khong co co hoi kinh doanh chénh léch gia thi gi tai thoi diém ¢ cia mot hop
dong quyén chon kiéu chau Au véi ham gia tri chi tra d4o han (Payoff) 4 dugc tinh boi:

C(t,S) = E[h(SD| F¢]

Cu thé, d6i v6i quyén chon mua h(x) = max(x — K, 0), ta co:

C(t,x) = C(t,x,0) = x®(¥(t,x)) — KP(¥(t,x) — oVl —t)

Trong do, V(t,x) = v(o?(1 - t),x); va
l K A
() = LO/K) VA
T2
Trong do6,

K: Gia mua c6 dinh trudc (Strike Price);
@ va @: Lan lugt 13 ham phan ph6i va ham mat d¢ ctia phan phdi chuan.
Chung ta biét rang C(z, x) 1a nghiém ciia phuong trinh dao ham riéng BS (BS-PDE):
R 1 A
C.(t,x) +§azx2Cxx(t,x) =0,v6i0<t<1
vaC(1,x) = h(x)

Bai toan bao ho quyén chon ¢6 dién 1a di tim mot chién luoc ty tai trg chép nhén dugc sao cho gia
tri danh muyc dau tu 16n hon hoic b.'?mg gia tri quyén chon tai thoi diém dao han:
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1

Vi=V, +f ¥.dS, = h(S;)
0

mot cach hau chéc chin.
3. Hiéu chinh Leland trong dinh gia va bio h§ quyén chon véi chi phi giao dich

Hiéu chinh Leland duya trén y tuong rang sy c6 mit ciia chi phi giao dich dan dén mot khoan phi
b sung can thiét cho ngudi ban quyén chon nhdm bu trir cho chi phi giao dich trong cac hoat dong
bao ho hgp dong quyén chon. Didu nay c6 nghia 14 véi sy hién dién cta chi phi giao dich, hop dong
quyén chon duge dinh gia cao hon. Mot cach tryc quan, diéu nay twong duong véi su gia ting ciia
tham sb d6 bién dong trong chién lugc Black-Scholes. Leland (1985) d& dé xuat mot phién ban sta
doi cua phuong trinh Black-Scholes voi do bién dong hi€u chinh va nghién ctru dang dicu ti€ém cén
cuia sai s6 bao ho duoc tinh boi do chénh 1éch gitra gia tri danh muc dau tu va gia tri quyén chon tai
thoi diém dao han khi s luong giao dich tién dén v6 cung.

Gia sir nha dau tu phai tra cho mdi giao dich thanh cong mot chi phi ty 1¢ thuan véi khdi lugng
giao dich duoc do bdi don vi tién té (vidu: déng USD). Hé s6 chi phi dugc xac dinh boi k,, = Kgn™¢
phu thude vao sb lan giao dich n. Chl y rang, mic dii k, = kon~% rat nhd, mot chién luge bao ho
khong dugc tinh toan can than c6 thé din dén chi phi giao dich toan phan rat 1on. Theo Leland (1985),
nguoi ban quyén chon (Option Seller) nén ting d¢ bién dong 1én dé bu lai chi phi giao dich.

PN

6% =02+ on'? vé6i o =kKk,n %08/ )
Tham sé 82 dugc dua vao trong phuong trinh BS lac nay nham thu dugc gia quyén chon bao gom:
Chi phi giao dich C(t, x) = C(t, x, ), trong d6, C(t, x) 1a nghiém ctia phuong trinh:
C,.(t,x) + %623(26”(15, x)=0, v6i0 <t <1; vaC(lx) = h(x) 2)
Dé bao ho hop dong quyén chon, ngudi ban nén theo chién Iuge bao ho Delta roi rac tuong (mg
(v6i d6 bién dong dugc didu chinh 62), dugc goi 1a chién Iugc Leland véi dinh nghia nhu sau:
Ye = 2im Cx(ti—l'sti_l)l(ti_l,ti] ® (3)
Nghia I4 s6 chimg khoan dugc giit trong khoang thoi gian (t;_4, t;] 1a khong ddi va bang véi chién
lugc Delta tinh & bién trai cia khoang nay. Nhu vay, tai thoi diém d4o han, gia tri cia danh muc dau
tu c6 dang sau:

1 —
Vln = VOn + fo ygdsu — Kon a]n (4)
Trong d6, tong chi phi giao dich dwgc viét nhu sau:
In= Z?:lstih/g - VZ;_1| ®)

Gi4 tri ban d4u ciia danh muc dau tu Leland ¢ ddy dugc cho bai V& == €(0,S,), ching ta c6 thé
hiéu né nhu 14 gia hop dong quyén chon bao gdm chi phi giao dich. Sir dung cong thirc Itd va cong
thirc (2), tc gia biéu dién sai s6 bao hd nhur sau:

V= k() = [y (v = Co(t,5)) dS, +5 (62 = 07) [, SECea(t,S)dE — o=, ©)
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e Chii ¥ 1: Cong thirc dd bién dong hiéu chinh (1) thu dugc tir quan sat sau: Tong Riemann cta
cac sd hang ani_l(fxx(ti_l,Sti_ At 13 rang 1a mét Xap xi ciia tich phan Lebesgue (6), trong
khi do:

Stih/lg - VZ;_1| ~ aStZi_1|Cxx(ti_1, Sti_l)”Wti - Wti_1| ~ 0y2/m Stzi_léxx(ti—v Sti_l)m (7

Vi~ W | = [P = 2

Do vay, chung ta ky vong réng viéc chon do bién dong dugc diéu chinh nhu trong cong thic (1)
mang lai mot sy gia ting phu hop trong gié tri danh muc dau tu ¢ bu lai cho chi phi giao dich.

0.1 T T T T T -
prer
- -
g+ ¥ !
0105 sett
o *
+* "
*++ —-—--BS price
+
01k L * #  Leland price | _|
+*
+ ¥
*
-+
¥
= -
o 0095 ¥
= " +
pa B
s *
= +
a2 00 +
o -
*
+
0.085 |- % -
¥
L
no7s 1 | 1 | 1 | | [ |
]} S0 100 1580 200 250 300 350 400 450

number of revisions

Hinh 1. Gi4 hop dong quyén chon trong truong hop c6 va khong c6 chi phi giao dich

e Dinh Iy 1. (Dya theo Kabanov va Safarian (1997, 2009)).

(1) Véimoigidtri0 < a < %trong cong thire (1), day V;* hoi tu theo x4c suat dén gid tri hop dong
quyén chon d4o han khin — o,

(2) Véi a = 0, day cac bién ngau nhién V;* — h(S,) hoi tu theo xac suat dén min (S, K) — xJ (S;)
khi n — oo, trong do:

In(x/K) 1

J(x) = xf0+°°/1‘1/2¢(/1, X)E |co™1Z +— - da (®)

Trong d6, Z 1a mot bién chuan tic doc lap véi S;.
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The corrector of limiting hedging error Limit of transaction costs

Js)

min(S, K) - J(S,)

Hinh 2. D6 thi cia min(S;, K) — kJ (S;) va J(S;) voi K = 5 tir trai sang phai

4. MOo hinh chi phi thanh khoin CJP

Trong phan niy, ching ta s& xét khai niém va mot so tinh chét co ban ciia mé hinh chi phi thanh
khoan dugc dé xuét trong Cetin va cong su (2004). Nhic lai rang, trong mo hinh d6 thi chi phi giao
dich c6 thé duge coi 1a mot truong hop cu thé cua chi phi thanh khoan.

4.1. Buwong cung va chi phi thanh khoan

Tir quan diém cua 1y thuyét can bang giita cung va ciu, ching ta c6 thé gia thuyét rang tat ca cac
nha dau tr dinh gia c¢6 phiéu theo mot dudng cung phu thudce vao d6 16n cua giao dich mua hodc ban
trong khoang thoi gian giao dich [0, 1]. N6i cach khac, gia tri c6 phiéu nha d4u tu phai tra khi thyuc
hién giao dich tuan theo mgt dudong cung phu thudc vao quy mé giao dich ciia minh. Nhu vay, duong
cung S(t, z) dugc dinh nghia 1a ham khong am cuia gia c6 phiéu tham chiéu (khi khong co giao dich),
thoi gian giao dich 7 va quy md giao dich z.

o Dinh nghia 2: Motham S(t,z) :[0,1] x R — R, dugc goi 1a mdt dudng cung theo nghia
ctia CJP néu né 1a ham khéng am, F, — do dugc, khong giam, thudc 16p cac ham tron C? theo z va
ham gia can bién (Marginal Price) S(t, 0) 1a mdt Semimartigale lién tuc.

2
« Vidy I: Cho S (t,2) = e%S (t,0),5, = S (t,0) = Sy exp {oW, — =}, trong do: @ > 0 la
mdt hang s6 cho trudc; va W 1a mot chuyén dong Brown chuan. Pay 1a mot mo hinh Black-
Scholes mé& rong véi rii ro thanh khoan va gia ¢6 phiéu can bién (Marginal Price) S, 1a mot
chuyén dong Brown hinh hoc.
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Sau day, tac gia xét didu kién ty tai tro (Self-Financing) trong mé hinh CJP. Gia sir by gio chi co
hai tai san trong nén kinh té, mot c6 rui ro (chirng khoan) va mot phi rii ro (trai phiéu) 1a mot hing
sO tai moi thoi diém. Dbi véi chién lugce bat ky y,, s6 lwong cb phiéu ndm giir tai thoi diém ¢, gia tri
trai phiéu tai thoi diém ¢ duwoc ky hiéu 1a Y,. Can nhic lai rang diéu kién ty tai tro dat duoc khi
V, =Y, +¥:S; = Vo + [ v,dS,. O day gia trj danh myc diu tu ban dAu tai thoi diém 0 dugc cho boi
Vo =Yy +v0S.

Trong mo hinh CJP, chién lugc Y dugc goi la ty tai trg néu nd 1a mot qua trinh lién tyuc phai va
6 gidi han trai (cadlag) voi bién phan bac hai hitu han va gi tri danh muc dau tu V, = +y,S(t, 0)
théa quan hé sau:

Ve = Vo + fy vum dS(tt, 0) = Tocuse AulS Ay — S(w, 0)] = f1 2 (u, 0)d[y, v1§ ©)

0 ox

Trong d6, V, = Yy + ¥,5(0,¥,). RS rang rang vé phai cta cong thirc (9) 1a chénh léch cua qua
trinh 13i/156 (Profit/Loss) tich lity va tong chi phi thanh khoan dén thoi diém +.

e Dinh nghia 3: Qua trinh L, dugc dinh nghia bang cong thirc:

tas
Le = Xosuse Mvu[S(w, Ay,) = S(w, 0)] + J = (w, 0)d[y, vy (10)

v6i Ly = ¥,[S(0,7,) — S(0,0)] dugc goi la chi phi thanh khoan cua chién lugce .

RG rang 1a chi phi thanh khoan L, 1 khéng 4m va khong giam theo thoi gian 7. Hon nita, tong roi
rac trong cong thirc (10) thé hién chi phi do nhiing thay d6i khong lién tyc trong viéc nam giir ¢6 phan
trong danh muc d4u tu. S6 hang tich phan trong vé phai ciia cong thirc (10) 1a mot qua trinh lién tyc,
nhan gié tri 0 néu y 1a chién lugc c6 bién phan hiru han.

GE: alphait) versus S{t.0)
T T T T T T T T T T

x 107"

rJ#
4y A —{a0
| '1" J‘ -"‘1 '3 }(\v’f“w“ |I-'~'r'|

g . - — 2

hﬁm‘m’t“‘*‘ AL P e i S — - e . )
0 L L L 1 1 1 1 1 1 Lo
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4 T T T T T T T T T 1120
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200 300

Hinh 3. D6 thi cac tham sb udc luong hing ngiy cia giai doan tir ngay 03/01/1995 dén ngay
31/12/1998 cho GE va Reebok (RBK).

Ghi chii: Pudng chdm chim biéu thi gia ¢b phiéu trung binh hing ngay ctia cong ty.

Nguon: Hinh anh dugc 14y tir bai bao ciia Cetin va cong su (2006).
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e Chii y 2: Néu y, 1a mot chién lugc lién tuc voi bién phan hitu han vay, = 0 thi L, = L, = 0,

nghia 14 moi chi phi thanh khoan bi loai bo.

Tir ly thuyét dinh gid Martingale, gia thuyét khong c6 co hoi kinh doanh chénh léch gia (No
Arbitrage hoic NFLVR) twong dwong véi sur ton tai ciia mot do do Martingale dia phuong Q cho quéa
trinh gi4 can bién S,. Cetin va cong sur (2010a) chimg minh rang trong tinh huéng d6, moi quyén chon
Vi gia tri d4o han kha tich C 14 bao ho dugc theo nghia L2, dong thoi tét ca cac chi phi thanh khoan
¢6 thé tranh dugc bang cach sir dung chién lugc bao ho lién tuc voi bién phan hitu han.

e Dinh Ij 2: Vi bat ki chién Iuoc kha dodn v, véi EQ ( fy v2ds, S]t) < o sao cho
C=c+ fOT ¥.:2dS, v6i hing s ¢ € R, ton tai mot diy cac chién lugc tu tai trg (Y1), lién tuc, bi chan
vi bién phan hiru han va ¥ = ¥} = 0, sa0 cho E® ([ (1{")2d [5, 5], ) < o va

T
Y7 =E%C) +y3S(0,v) + f ¥i-dS(t,0) —yrS(T,0) — Lt - C trong L*(dQ)
0
o Vidy 2: Xét lai m6 hinh Black-Scholes mo rong trong Vi du 1. Nhan xét r?mg chién lugc bao

h¢ Delta tiéu chuan duge xé4c dinh béi @(v(t, S;)) véi

_In(x/K) ovT —t
v(t,x) = Tt + >

1 lién tuc, nhung khong c6 bién phan hitu han. Chién lugc nay dan dén mot chi phi thanh khoan

khac 0 theo Pinh nghia 3 va dugc biéu dién bang cong thirc sau:

T 2(v(t,S¢) (1 K) 1\2
Ly =¥o(5(0,75) —S(0,0)) + a [ St%(% - Z) dt (11)

Chu y rang chung ta c6 thé xay dung mét diy chién luoc lién tuc v6i bién phéan hiru han bat dau
v6i 0, hoi tu nhanh dén chién lugc Delta Black-Scholes lién tuc. Ban sao lién tuc nay cua chién luge
Delta BS s€ loai bo rui ro thanh khoan, va nhu vay, day gia tri danh muc dau tu hoi tu dén gia tri cua
hop ddng quyén chon trong khong gian L? (Cetin va cong sw, 2010a). Tuy nhién, mot chién luoc
phong ngira riii ro lién tuc nhu vay khong thé thyc hién duge vi trong thyc té chiing ta khong thé giao
dich lién tyc véi s6 lugng nho bét ky.

Chi phi giao dich c6 thé dugc xem la truong hop dic biét cua chi phi thanh khoan khi gia thuyét
C? ciia duong cung khong thoa man. That vay, ba loai chi phi giao dich sau day c6 thé thu dugc tir

mo hinh CJP:

(1) Chi phi giao dich cb dinh ¢6 thé thu dugc néu dudong cung c6 dang:
a
S(t,z) = S(t,0) +E véia>0

(2) Chi phi giao dich ty 1¢ ¢6 thé thu dugc tryc tiép tir:
S(t,z) =S(t,0)(1 + K, sign(z))
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Trong do, Kk, > 0 14 chi phi giao dich ty 1é trén mdi don vi giao dich.

(3) Hon hop chi phi giao dich ¢ dinh va ty 18 c6 thé dugc dinh nghia boi:
a
S(t,z) =S(t,0) + p + S(t, 0)xg sign(z)1,5s,

v6i cac hang sé duong gém: a, kg, &

Nhu da thdy & trén, chi phi thanh khoan c6 thé tranh duoc bang cach str dung cac chién lugc giao
dich lién tuc v6i bién phan hitu han, nhung mét chién lugc véi bién phan hiru han c6 thé dan dén chi
phi thanh khoan khong bi chan.

e Dinh Iy 3: Ddi voi bat ki chién luge vé6i bién phan vo han trén mot khoang thoi gian hiru han,
giao dich lién tuc v6i sy c6 mit ctia chi phi ¢d dinh, chi phi ty 1¢ hodc ca hai s& din dén tong chi phi
vO han.

Chirng minh: Tham khao bai bao ciia Cetin va cong su (2010a) dé biét thém chi tiét.

4.2.  PDE dinh gia voi do bién dong hiéu chinh theo chi phi thanh khoan

Trong ph.'?m nay, tac gia s€ gidi thi¢u mot s6 PDE dinh gia xuét hién tir viéc ap dung k¥ thuat diéu
chinh d6 bién dong cho bai toan dinh gia va bao hd quyén chon trong nhiéu tinh huéng khac nhau. Tir
quan diém can bang cung cau, Sirca va cong su (1998) xay dung mot dong lyc clia qué trinh gia phu
thudc vao hoat dong giao dich ctia nha giao dich 16n va rat ra dugc mot phuong trinh dao ham riéng
Black-Scholes tong quét sau day:

1 V(1-pC)U' (V(1-pCy))

2
= 2,2 —
2 [v(1-pC)U' (V(1-pCx))—pxCrx Tx lex =0 (12)

C +

Véi diéu kién bién € (1, x) = h(x), trong d6: U 1a ham cau; ¥ 1a ham ngugc cta U; va p 1a ty 18
khéi luong lugng quyén chon duoc bao hiém trén tong ngudn cung ciia tai san.

Cetin va cong su (2010b) da nghién ciru bai toan siéu bao ho (Super-Replication) trong nén kinh
té Black-Scholes dugc téng quat hoa vdi sy c6 mat cua chi phi thanh khoan dudi cac rang budc trén
hé s6 Gamma cua chién lugce phong ngira rui ro. Gia ciia quyén chon vdi siéu bao ho duogc dic trung
thong qua Hamilton-Jacobi-Bellman PDE sau:

—C, —inf,5q Eazxz(Cxx +v) + Pp(t,x)0%2x%(Cyy + v)z} =0 (13)

Trong d6, gia can bién tuan theo mot chuyén dong Brown hinh hoc va ¢ 1a tham s6 thanh khoan
ctia thi truong. D61 véi mot quyén chon ¢ ham chi tra 16i (Convex Payoff), cong thirc (13) duoc viét
lai thanh:

Co+562(6,0)x2C, = 0,  62(6,%) = 02(1+ (£, %)) Cy (14)

Quan sat cong thirc (14), ching ta mot 1an nita thdy ring y tuong ting do bién dong thi truong dé
hép thu rii ro thanh khoan. Khi ¢ = 0, chung ta thu dugc mé hinh Black-Scholes ¢6 dién. Ta c6 thé
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chimg minh rang gia siéu bao hg cuc tiéu 1a khac S, nghia 1 ton tai mot chi phi thanh khoan (Liquidity
Premium). Diéu nay phu hop véi két qua dudi day'.
Nhic lai rang, véi mot chién lugc roi rac y7, tir cong thie (10), tong chi phi thanh khoan dugc

biéu dién ¢ dang nhu sau:
n
=L+ ) A(SCtar) - S(6,0)
i=

Thay S(t;, Ay;) — S(t;,0) ~ ¥'(0)S(t;, 0)Ay;, ching ta nhan thay L? c6 thé xap xi boi L, +

Y (0o Y, Sf'—1 Cfx(ti_l, Sti_l)Ati. Do vy, gi4 quyén chon véi chi phi thanh khoan thoa phuong

trinh sau:
Ce+502(1+ 29" (0)xC)x?Co = 0, C(1,x) = h(x) (15)

Vé co ban thi phuong trinh (15) 14 mdt dang mé rong clia phuong trinh dinh gia Black-Scholes
v6i do bién dong nhu sau:

G2(t,x) = a2(1 + 2¢'(0)xC,,)

Trong céch tiép can nay, do bién dong hi€u chinh khong con phu thudc vao tham s6 n ma phu
thuéc vao Gamma cua gia quyén chon. Tinh chét nay c6 thé dugc giai thich bai viée chién luoc t6i
wu hau nhu bang véi chién luge Delta c¢6 dién véi giao dich nhiéu hon trén mién tuong tng véi
Gamma c6 gia tri 16n. Ku va cong su (2012) da ching minh rang viéce str dung chién lugc Delta bao
ho lién két voi phuong trinh (15) s& dan dén két qua bao hg trung binh bang 0 véi chi phi thanh khoan.
Cu thé, bang cach 4p dung luat s6 16n cho chién thuat Martingales, Ku va cong su (2012) khang dinh
sy hoi tu hau 1a chdc chin khi At tién vé 0.

Tuy nhién, van dé ton tai nghiém ctia phuwong trinh (15) chua dugc thao luan va “nghiém” duoc

dé xuét dudi dang xap xi theo s6 hang thanh khoan 1)’ (0) (kha nho trong thuc té).

5. Bio hj x4p xi v6i chi phi thanh khoan

Nhiéu nha giao dich trén thyc té ding chién lugc Black-Scholes dé bao hg cac san pham phai sinh
(Derivatives). Vi chi phi thanh khoan, viéc bao hg quyén chon tré nén rai ro hon va dan dén dat do
hon, vi riii o méi nay s& phai duoc tinh vao bai toan bao ho ctia ngudi ban. Theo ¥ tudng mau chot
cua thuat toan Leland, viéc tang do bién dong thi truong cod thé bu lai rti ro thanh khoan trong bai
toan bao hg. Tiép theo, tac gia s& chi ra rang trong mo hinh CJP véi dudng cung tong quat, siéu bao

ho (Super-Replication) c6 thé thu duoc x4p xi bang cach dung chién luoc Leland.
5.1. D¢ bién dong hiéu chinh va chién lugc bao hd véi chi phi thanh khodn

Gia sir danh muc dau tu dugce diéu chinh (giao dich) tai cac thoi diém t; = g(i/n),i = 1, ...,n véi:

1 Xem thém céc thao luan trong bai bdo ctia Gokay va cong su (2011).
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g@®) =1-(1 -0k

u=1

(16)

Theo Leland (1985) thi d6 bién dong trong PDE Black-Scholes dinh gia dugc hiéu chinh bai:

6 = a5 +eynf'(t),

0 = Ky0y+/8/T

Trong do: f = g~ 1. Tbec do hoi tu s& dugce xac dinh boi nf, trong do:

1
-< =
<B

u
2(u+1)

Theo md hinh CJP ¢ trén, tong chi phi thanh khoan dugc viét nhu sau:

L3 = Toseer AYE(S(E, 297) — S(£,0)) = Lo + X1y Ay2 (S(t, Ayl) — (£, 0))

Trong do:

ti—l va ti'

Ly =70 (S(O' Yo) — S(O'O)) = ¥0(5(0,v0) — Sp)

14 chi phi thanh khoan ban dau; va Ay} = y{t — y{!_ 1a khoi lugng giao dich giita hai thoi diém

Ky hi¢u QT [a chi phi thanh khoan tich liiy khong bao gém gia tri ban d4u L, nghia la:

Supply

0.95

i

Qr =2, Ay (st

A supply curve S{Lz)j=expia” 2) 5(L0)
T T T T T

= =80.1)
JET )]

s i ' . i "
.2 0 0z 04 D8 08 1

Trading siae

(a) Zoom in

(17)

(18)

(19)

AyR) - S(¢,0)) (20)
A supply curve S(tz)=expla™ 2) S{t0)
| T T T
= =Bl 2)
7 e8| A
r
7
= .
& 4
a 7
g /
4
,
s
1 —
T TR i : m s @

Trading size

(b) Zoom out

Hinh 4. D6 thi phong to va thu nho ciia dudng cung S(t, z) = e®°17S(t, 0)

Xuyén sudt myc nay, tong chi phi thanh khoan QI 1a x4p xi bang 0 khi duong cung 14 mot ham
lién tyc theo S. Gi4 tri danh muc dau tu hién tai dugc cho boi cong thire sau:

1
vr =V f yrds, — I
0

Trong d6, V¢ 1a gi4 tri danh muc d4u tu ban dau. Do vay, sai s bao ho la:

VI' —h(S;) = Co + %Il,n
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Trong d6, QF dugc dinh nghia béi (20), C, = V& — Ly — €(0,S,); va I n, i = 1,2, 3 dugc cho boi:

1/ o A .
Il,n = fo (Gtz - O-Z(Yt))stzcxx(t' St)dt ,va

1
b= [ (2 = G50,
0
Gia st rang von ban dau thoéa méan V¢ = L, + €(0,S,) dé C, = 0.
5.2, Bdo hé xdp xi véi dwong cung tron

Gia st rang duong cung duoc biéu dién bai phuong trinh:

S(t,x) = yY(2)S(t, 0) (22)

Trong d6, y 1a mot ham lién tyc tdng thudc 16p €2 théa méan y(0) = 1. Vi du nhu ham ¢ (z) = e%?
v6i a > 0. Chi ¥ rang:

h(S;) + min(S;, K) = max(S; — K,0) + min(S;,K) = S, (23)

Dudi day 14 két qua tiém can dau tién.

e Dinh Iy 4: Gia sit rang y 12 mot ham lién tyc ting thudc 16p C? théa man y(0) = 1. Khi d6 diy
nf (VP —S,) hoi tu yéu dén mot bién ngiu nhién Gauss trung tdm hdn hop (Centered Mixed
Gausian Variable).

Tir Binh 1y 4 va phuong trinh (20), chiing ta nhan xét rang quyén chon dugc bao ho hau chic chan
mot cach tiém can boi chién luge Leland khi s6 luong giao dich 16n. Thuc té thi chién lugc Leland s&
xap xi chién lugc mua va giit (Buy-and-Hold Strategy) vi khoan dau tu ban dau xap xi L, + S,. Hon
nira, day gia tri danh muc dau tu dao han sé hoi tu vé min(K, S;). Nhu véy, ching ta thu dugc mot
chin trén ctia gia siéu bao ho cho quyén chon. Diéu nay pht hop véi két luan trong cac bai bao cua
Cetin va cong su (2010b), Gokay va cong su (2011) nhu sau: Mo hinh chi phi thanh khoan CJP sinh
ra mét phi thanh khoan (Liquidity Premium) khac 0 ngay ca khi giao dich dugc thuc hi¢én mét cach
lién tuc.

Dé két thiic, ching ta luu ¥ rang véi duong cung khong lién tyc tai 0 (tinh chit nay déc trung cho
bién d6 cung cau (Bid-Ask Spread)) thi chi phi thanh khoan thyc hién s& anh hudng dén sai s6 bao ho
tiém cén theo cach twong ty nhu dbi véi chi phi giao dich ty 18.

o Chimg minh Dinh 1y 4: C6 thé dugc trinh bay theo lugc d6 chung dwoc gidi thigu trong cac
bai bao ciia Nguyen va Pergamenshchikov (2017, 2020) nhu sau:

- Bude 1: Xac dinh sb hang chinh cua sai s6 bao ho. Cu thé, ta can chung minh dai lugng I, hoi
tu hau khap noi vé min(S1;K), trong khi d6, tong chi phi thanh khoan héi tu vé 0 véi toc do nf.

- Bu6e 2: Biéu dién sb hang thing du theo bac n? (tich phan ngiu nhién Itd) nhu mot day
Martingale. Budc nay thudng doi hoi tha tuc roi rac hoa cac sd hang tich phan Ito ngau nhién boi mot

ky thuat xap xi phut hop.
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- Buéc 3: Xéac dinh phan phdi tiém cin bang cach ap dung dinh 1y gi6i han trung tim cho
Martingales. Dé thuan tién, tac gia gidi thiéu két qua sau day trong bai bao cua Hall va Heyde (1980)
dé nghién ctru phan phéi tiém can ciia Martingales roi rac.

e Dinh Iy 5: (Dinh ly gidi han trung tdim Martingale (Hall & Heyde, 1980)): Cho M, = YL, X;
1a mot Martingale kha tich bac hai va c6 gia tri trung binh bang 0 va g 1a mot bién ngau nhién hitu han
hau chic chéin. Gia sir réng cac hoi tu sau théa man theo nghia xac suét:

n

n
D E(XP 1y Fica) = 0 V6imoi 6 > 0;va Y EKPIF) - 62
i=1 i=1

Khi d6, (M,,) héi tu yéu dén X voi ham dic trung ctia n6 1a Eexp (— . thZ), nghia 14 X c6 phan
phdi hdn hop Gauss (Gaussian Mixture Distribution).

Vi khuon khé cua bai bao co han, trong ndi dung tiép theo, tac gia trinh bay tém luoc cac bude
chinh ciia chirmg minh va tham chiéu cac bai bao ctia Nguyen va Pergamenshchikov (2017, 2020) cho
céc phan tich va két qua tong quat hon. Ménh dé sau day cho thay rang tong chi phi thanh khoan trung
gian co thé loai bo & tiém cén véi toc 6 nhanh hon nP.

e Mgnh dé 1 (Xap xi cua chi phi thanh khoan): Véi moi m = 2, cdc dang thirc sau théa man

theo nghia xdc sudt:
D @ry = o(u P va Y (4" = o(n)
iz1 iz1

o Chitng minh Ménh dé 1: Trudc hét nhan xét rang két qua xap xi trén diing ngay ca trong mo

hinh tong quat hon véi d6 bién dong ngau nhién c6 hodc budc nhay, xem cac bai bao ciia Nguyen va
Pergamenshchikov (2017, 2020). Dudi day cung cip mét chimg minh tong quat ciia Ménh dé 1 trong
mo hinh vé6i d6 bién dong ngiu nhién.

Tur cong thuc Ito, ta co:

t; ti
o = [ (CawS) + 0 0S8 ecn S )it [ Conl, 5,005, A
ti—q ti—1
t; . .
+ f f (Cx(u, Sp-(1+2)) = Ce(u, Su—))](dz x du)
ti—1 YR
Chu y rang, tir bai toan Cauchy (2), ta co:

) 1, )
Coe(u,x) = — Eazf (ZxCxx (U, x) + x2Cypre (1, x))

Trudce hét, ta chimg minh rang v6i bt ky ham 4 thoa man diéu kién (H) trong cac bai bao cua
Nguyen va Pergamenshchikov (2017, 2020). Ta c6:

ti .
Z f = 0(n"26m-D); va Z f A2y, $)dw?

=1 17ti-1 iz1 1"ti-1

m m

ti

62A(A,, S,)du = o(nP)
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(24)

That vay, ap dung bat dang thirc Holder ta thu duoc:

ti m -1 (ti
[ Aydu|” <1t =t [ 14, Imdu (25)

Ciing ch ¥ rang C(t, x) va cac dao ham ciia n6 c6 thé duge biéu dién nhu ham ciia A, va x, trong do:

1
e =21 =t)F =Av(t) va 2, =fiovn (26)

Tir do, ta c6 62 = 22/ **DP, voi p = (u — 1)/(u + 1). Ding bét ding thirc (25) ta chin tong
tich phan dau tién ctia phuong trinh (24) boi:

t; 2(m-1) t; N .
thi _ ti—llm_l f 5’3m|A|m(/1u, §u)du < C‘n_(m_l)/lo‘”l Zf A;(m—l)u@%lAlm(/lw Su)du
t

i=1 i-1 =1 “ti-1
Hon nita, ciing tir quan hé (26), tong cudi bang foao Am=DR|A|™(2,S,2y)dA, va ddy nay hoi tu
hdu khép noi dén [° A=M-DR|4|™ (], $,-)dA
Do vay, ding A, ~ vn ta thu duoc dang tiém can cua tong dau tién trong phuong trinh (24).
Tiép theo, tac gia chimg minh khai trién thir hai trong phuong trinh (24). Dé xir 1y tinh bat kha

tich trong moé hinh véi d6 bién dong ngau nhién, tac gia s& lam viéc trén tap {7* = 1}, trong do, 7 14

thoi diém dau tién ma qué trinh do bién dong ngau nhién vurgt qua mot hang sé duwong cho trudc (thoi

>5)

t .
< P(nﬁ > f A2 $-)aw®

=1 1"ti-1

diém ding)®. R rang rang:

ti .
P(nﬁz f A(Ay, S )aw®

=1 |“ti-1

m
>6,1" = 1)+P(r* <1

Ap dung 1an lugt bat dang thirc Chebychev va Burkholder-Davis-Gundy, xac suat dau tién & vé
phai bi chan boi:

ti .
20286728 3" f A2 $2)aw®

=1 ti—1

2m m
< 2n2h 528 Z E

i21

ti
A2y, S du

ti—1

1
< ZCnZﬁa—ZBn—(m—l)Ef |A™ (A, S;) du
0

Tir day, din dén két qua ctia phuong trinh (24) can chimg minh.
o Chitng minh Dinh ly 5:

2 Xem phan ching minh trong cac bai bao ctia Nguyen va Pergamenshchikov (2017, 2020).
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Nhic lai ring Q = X1, Ay (S(ti, AyE) - S(t, 0)). Tir Ménh d& 6.2 trong céc bai bdo clia
Nguyen va Pergamenshchikov (2017, 2020), ta thay chi can chi ra rang sb hang chi phi thanh khoan
Q7 hoi tu theo x4c suat dén 0 nhanh hon nf. Bé chimg minh diéu dé, tac gia ap dung khai trién Taylor

tai 0 cho ham y va thu dugc:

2 1
1= Yot Vi) — Vil = Ye;) St €i)o; (AY;
QF = D AYES, [W(Ar?) = H(OAY] = 9'(0) D (MVE)'Sy +5 ) 9" (€S (Br)?

i>1 i21 i21

Trong do, €; € [0, Ay!] hoidc €; € [Ay?,0]. Vi sup |Ay?| < 1 va y thudc 16p €2, ching ta can

osts1
chimg minh rang véi moi bac m = 2, chudi Y5, (Ay/)™ hoi tu dén 0 theo xac suat nhanh hon n#,
theo Ménh dé 1.

Cudi cung theo cac két qua xdp xi ciling trong cac bai bao ctia Nguyen va Pergamenshchikov
(2017, 2020) chung ta c6 thé biéu dién sai s6 bao ho nhu sau: V* — h(S;) = min(S,,K) + U,, +
o(nf), trong d6: Martigale U, 1a mot Martingale roi rac, hoi tu yéu dén mot bién ngau nhién Gauss
hdn hop theo Pinh 1y 5. Tir d6, két qua gi6i han cua chién lugc Leland trong Pinh 1y 4 da duoc
chung minh®
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